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ABSTRACT: We show how the bond−bond polarizability index, as originally introduced by
Coulson and Longuet−Higgins in the Hückel-theoretic context, can be generalized in the natural
bond orbital (NBO) framework to ab initio molecular orbital and density functional theory levels.
We demonstrate that such a “natural bond−bond polarizability” (NBBP) index provides a flexible
and quantitative descriptor for a broad spectrum of delocalization effects ranging from strong π
aromaticity to weak intra- and intermolecular hyperconjugative phenomena. Illustrative
applications are presented for representative delocalization effects in saturated and unsaturated
species, chemical reactions, and hydrogen-bonding interactions.

■ INTRODUCTION
Coulson and Longuet−Higgins1 originally introduced the
concept of bond−bond polarizability Πb;b′ in their classic
molecular orbital (MO) treatment of π-electron systems. If πb =
2−1/2[pr + ps] is a normalized π bond between p-orbitals on
atoms r, s, and πb′ = 2−1/2[pt + pu] similarly between atoms t, u,
the bond−bond polarizability can be written as
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where crj and crk, respectively, denote the LCAO coefficients of
pr in an occupied (φj) or virtual (φk) π MO and εj and εk are
the corresponding orbital energies.
In the Hückel framework, Πb;b′ can be expressed as
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where Prs is the r−s π bond order (off-diagonal density matrix
element) and βtu the off-diagonal Hückel matrix element
between pt and pu. Equation 2 identifies the physical
significance of Πb;b′, which measures how the r−s bond order
is affected by changes in the off-diagonal Hückel matrix element
βtu (due, e.g., to changes in t−u interatomic distance or other
perturbations2). Colloquially speaking, Πb;b′ predicts how
loudly bond b “squeals” if bond b′ is “pinched”.
Equations 1 and 2 were obtained with the usual Hückel π-

electron orthogonality assumption, ⟨pr | ps⟩ = δrs. Chirgwin and
Coulson3 developed a generalized expression that includes
overlap corrections, and McWeeny4 discussed possible self-
consistent generalizations for such Hückel-type formulas (cf.
Greenwood and Hayward5). In the intermediate neglect of
differential overlap (INDO) approximation, Pople and Santry6

developed well-known approximations for nuclear spin
coupling constants that incorporate the related “atom−atom
polarizability” index (Πrr;ss). However, little use has been made
of Πrs;tu in the framework of modern ab initio molecular orbital
(MO) and density functional theory (DFT).
The arguments leading to eqs 1, 2 can be applied virtually

without modification in the framework of natural bond orbital
(NBO) analysis of ab initio wave functions.7 Each localized
bond NBO b is expressed in terms of natural hybrid orbitals
(NHOs) hr, hs and associated polarization coefficients ar, as,

= = +b b a h a hrs r r s s (3)

that satisfy Hückel-like orthonormality relations
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In this case, the βrs parameter can be identified as the r−s Fock
or Kohn−Sham matrix element between NHOs hr and hs

β = = ⟨ | | ⟩h F hF( )rs rs r op s (5)

but the formulas are otherwise unmodified. Whereas the
original Hückel treatment reflects only topological (graph-
theoretic connectivity) aspects of carbon planar π networks, eq
5 incorporates the quantitative dependencies on geometry,
electronegativity differences, and other chemically significant
variables. Equations 1 and 2 can be applied to describe σ and π
bond−bond polarizability in arbitrary molecular systems for
which ab initio MO/DFT densities and corresponding NBOs
have been obtained. We refer to the Πrs;tu defined by eqs 1−5 as
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the “natural bond−bond polarizability” (NBBP) to suggest its
heritage in NBO-based generalization of the delocalization
descriptor as first introduced by Coulson and Longuet-Higgins.
In limiting cases, the NBBP index can be related to other

NBO measures of electronic delocalization. As shown in the
Appendix, when electrons are delocalized from bond σrs to
antibond σ*tu, Πrs;tu is approximately proportional to the
corresponding second-order NBO interaction energy
ΔE(2)

σ(rs)σ*(tu)

Π ∝ Δ σ σ*Ers;tu
(2)

(rs) (tu) (6)

which is routinely provided in NBO energetic analysis of MO
wave functions. However, the NBBP index Πrs;tu includes
simultaneous effects of σrs→σ*tu and σtu→σ*rs delocalization
(or other general interactions) and has a more familiar
connection to Hückel-type concepts than do the perturbative
ΔE(2)

σ(rs)σ*(tu) quantities.
The goal of this work is to present illustrations of NBBP

indices for classic cases of π and σ conjugation. We thereby seek
to document the general applicability to modern ab initio MO
wave function technology, preservation of elementary Hückel-
like concepts, and numerical robustness with respect to
variations of theory level and chemical complexity. These
illustrative applications complement more specific NBBP
investigations in systems of mechanistic and photochemical
interest.8 The NBBP index also complements other NBO-based
extensions of qualitative bonding concepts, including through-
bonds superexchange pathways,9 Fukui functions,10 Hammett-
type relationships,11 or other aspects of Hückel-like conjugation
and cross-conjugation.12

Illustrative NBBP Applications. In the present work, we
employ a standard Gaussian13 host program linked to the
NBO5-level analysis module14 to evaluate NBBP indices for
familiar MO/DFT theoretical levels.15

π Delocalization in Butadiene, Benzene, and Styrene.
Table 1 presents an elementary application of the ab initio
NBBP method to the π system of trans-butadiene, illustrating
the comparison with the classic Hückel (HMO) treatment. To
make a direct comparison with HMO theory, we first employ
an unrealistic model geometry with equal CC bond lengths,
RCC = 1.40 Å (corresponding to the single fixed β of HMO
theory) and minimal STO-3G basis set, as shown in the first
two rows of Table 1. In all cases we employ the “sign-
corrected” Πrs;tu values of NBBP output14 for consistent fixed-β
comparisons with HMO theory.
As the comparisons of Table 1 show, the Hückel BBP values

differ somewhat from ab initio NBBP values, but an overall
pattern of qualitative agreement can be recognized. The third
row of Table 1 shows the corresponding RHF/STO-3G NBBP
values for more realistic Pople−Gordon16 (PG) geometry with
unequal CC bond lengths. The agreement with standard HMO
fixed-β values, although somewhat reduced, is still qualitatively
reasonable. The fourth and fifth rows of Table 1 exhibit
corresponding values for split-valence 3-21G and polarized
double-ζ 6-31G* basis sets, illustrating the usual strong
convergence characteristics of NBO-based descriptors as the
basis set extends toward compleness. Finally, the sixth row
shows corresponding DFT (B3LYP/6-31G*) values that
exhibit the significant overall enhancement of conjugative
delocalization due to dynamical electron correlation. The
bracketed values of the final row show how a more direct
comparison with the HMO indices can be achieved by
adjusting β to match a particular HMO value to the
corresponding calculated DFT value (e.g., for the largest
NBBP element), as will also be done in the following examples.
In the ensuing examples we also make consistent use of
idealized PG geometry in order to emphasize that the subtle
stereochemical variations of Πrs;tu (and resulting changes in
optimized geometry) reflect intrinsic electronic causes (rather

Table 1. Bond−Bond Polarizability (Πrs;tu) Values for trans-Butadiene, Showing Comparison of HMO and ab Initio Values at
Various Theory Levelsa

method Π1,2;1,2 Π1,2;2,3 Π1,2;2,4 Π1,2;3,4 Π2,3;2,3

Hückel theoryb 0.306 −0.615 0.306 1.231
RHF/STO-3G (R=1.4) 0.2101 −0.5409 −0.0021 0.2100 1.3934
RHF/STO-3G (PG) 0.1337 −0.5322 −0.0414 0.1334 1.3858
RHF/3-21G (PG) 0.1694 −0.6477 −0.0336 0.1684 1.5271
RHF/6-31G* (PG) 0.1664 −0.6411 −0.0400 0.1643 1.5200
B3LYP/6-31G* (PG) 0.4466 [0.201]c −1.1032 [−0.496]c 0.0205 [0.009]c 0.4448 [0.200]c 2.7376 [1.231]c

aResults are given for two idealized geometries: an equivalent-bonds model (R = 1.4: R12 = R23 = R34 = 1.40 Å) and a near-experimental Pople−
Gordon model (“PG”: R12 = R34 = 1.34 Å, R23 = 1.46 Å), both with idealized 120° valence angles. bAnalytic HMO results in units of inverse β
(Streitwieser, ref 2, p 108), evaluated with β = −0.2909 to match the corresponding RHF/STO-3G (R = 1.4) Fock matrix element F1,2 for π-bonded
p1−p2 orbitals. cRescaled β to match the HMO value to the B3LYP value for the largest HMO element (Π2,3;2,3).

Table 2. π Bond−bond Polarizabilities for Styrene (See Text for Atomic Labels), Comparing Hu ̈ckel Values (in Parentheses;
Taken from Streitwieser, Ref 2) with ab Initio NBBP Values (RHF/6-31G*//PG level)a

bond π12 π34 π56 πab

π12 0.997 (0.987) 0.495 (0.487) 0.467 (0.444) 0.092 (0.174)
π34 0.495 (0.487) 1.003 (1.003)a 0.508 (0.503) 0.007 (0.036)
π56 0.467 (0.444) 0.508 (0.503) 0.980 (0.987) −0.031 (−0.044)
πab 0.092 (0.174) 0.007 (0.036) −0.031 (−0.044) 0.153 (0.289)

aAdjusted to NBBP value, β = −0.252. aThe Hückel parameter β = −0.252 was chosen to equate the largest element (∏34;34) for the two methods.
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than indirect consequences) of subtle variations in nuclear
geometry.
Whereas the Hückel treatment cannot distinguish trans

(anti) and cis (syn) geometries, the ab initio NBBP indices
reveal somewhat stronger delocalization effects in the trans
rotamer. For example, at RHF/6-31G*//PG level the diagonal
(∏12;12) and off-diagonal (∏12;34) π−π polarizabilities for
trans-butadiene (0.1664, 0.1643) are appreciably higher than
those for cis-butadiene (0.1365, 0.1354), reflecting the general
conjugative preference for trans open-chain geometry. One can
also compare these values with the corresponding values for
benzene (1.0032, 0.5200; RHF/6-31G*//PG) to recognize
that the π NBBP index is significantly stronger in the latter case,
in accordance with the higher degree of delocalization
associated with cylic aromatic conjugation.
As an additional representative example of aromatic species,

we present in Table 2 a comparison of HMO and ab initio
NBBP values for styrene (RHF/6-31G*//PG), with corre-
sponding atomic labels as shown:Since the ab initio ⟨π|Fop|π′⟩

values are all distinct in this case, we can choose a particular β
value (= −0.252) to match the largest NBBP element to the
corresponding HMO value. Table 2 shows that the HMO and
NBBP values are again in excellent agreement within the
aromatic ring. The discrepancies are somewhat larger for the
exocyclic πab bond (cf. Table 1, where the HMO values are
similarly too large compared to ab initio counterparts), but
overall agreement is again quite reasonable. Figure 1 graphically
illustrates the high correlation (correlation coefficient r =
0.993) between ab initio and semiempirical Πb;b′ values for this
case. The general consistency with previous values for the
exocyclic vinyl group (cf. Table 1) and aromatic ring system (cf.

benzene results quoted above) also indicates the reasonable
transferability of Πrs;tu elements, consistent with chemical
intuition.

π and σ Delocalization in Twisted Hexatriene. Figure 2
illustrates a related application to hexatriene (RHF/6-31G*//

PG level) in which one of the π bonds is twisted about a CC
single bond to demonstrate the strong dependence of π-
delocalization on conformation. As this figure illustrates, the
NBBP index for the πc−π′ interaction drops sharply for the π
bonds twisted out of planarity, whereas the untwisted π−πc
interaction retains the essentially constant value (∼0.17)
characteristic of trans-butadiene. This is in accord with well-
known torsional dependencies of π conjugation, which lie
outside the topological Hückel framework.
Figure 2 also shows the dramatically different strengths of

nearest-neighbor (πc−π′) vs next-nearest-neighbor (π−π′) π-
type NBBP elements, emphasizing the essentially local (vicinal)
character of strong conjugative π−π interactions. The small
magnitudes of nonvicinal π−π′ NBBP elements can be judged
from the feeble overlap of π- and π′-type NBOs, as depicted in
the PNBO17 overlap diagram of Figure 3 for dihedral angle φ =
120°. The near-zero π−π′ overlap in Figure 3 correctly suggests
the small π−π′ NBBP value (Ππ−π′ = 0.0041), comparable to
the conjugative π′-σCC value at the same geometry. Pi-
conjugation can indeed lead to “long range” delocalization
effects, but such effects are generally achieved through a
succession of local vicinal “relays” rather than direct interaction
of remote isolated π bonds, despite the impression that is
sometimes conveyed by the superficial “delocalization” of
canonical MOs.18

Figure 2 also illustrates the non-zero NBBP values between
the twisted π′ bond and the σ framework (vicinal σCC and σCH
bonds), reflecting a hyperconjugative π−σ delocalization effect
that arises when σ−π symmetry is broken. Figure 2 illustrates

Figure 1. Comparison of ab initio (RHF/6-31G* level, idealized
Pople−Gordon geometry) and Hückel theory (β = −0.252) π-bond
polarizabilities for styrene, showing the high correlation (r = 0.993) of
ab initio NBBP indices with semiempirical Hückel values. Cf. Table 2
for identification of individual values.

Figure 2. Natural bond−bond polarizability index Πb;b′ for selected
NBOs b, b′ of hexatriene (RHF/3-21G level, idealized Pople−Gordon
geometry, with π-bond labels identified at lower right) showing the
dependence on twisting about the single bond to π′. Conjugative
interactions are shown for the untwisted π (dashed lines) and twisted
π′ (solid lines) bonds with vicinal σCC, σCH, or central πc and with each
other (dotted line).
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how conjugative and hyperconjugative delocalization effects are
simultaneously described by the NBBP matrix in a unified
manner for arbitrary nonplanar arrangements.
Sigma Delocalization in 1,2-Diaminoethane. To further

illustrate the qualitative parallels (despite wide disparities in
strength) between σ and π delocalization effects, we consider
the evaluation of Πrs;tu for the saturated 1,2-diaminoethane
molecule (RHF/6-31G*//PG level), as shown in Figure 4
(with key atomic labels identified in the figure caption). The
initial φ = 180° geometry corresponds to NCCN linkages in
diaza[2.2.2]bicyclooctane (DABCO), with both lone pairs lying
anti to the CC bond. As either amino group twists about a CN
bond, one observes (Figure 4) the strong angular variations of
nN′−σCC interaction between the amine lone pair and the
central σCC bond, qualitatively similar to the conjugative π′−πc
interactions of Figure 2. The weaker delocalization effects of
saturated species can be identified as “secondary hyper-
conjugation” in the terminology of Mulliken19 or “negative
hyperconjugation” in that of Schleyer and Kos20 (for a
comprehensive recent review, see ref 21). The NBBP values
are in accord with numerous experimental and theoretical
studies of long-range “through-bond” interactions in DABCO
and related systems.22

In Figure 4 one can see the vivid oscillations of hyper-
conjugative n′−σCH interactions with vicinal CH bonds as the
lone pair swings successively into coplanar alignments with
these bonds. As the relative amplitudes of the Πn′‑σ indicate,
these hyperconjugative interactions are strongest in antiper-
iplanar arrangements, in accordance with the known pattern of
β-elimination and other stereoelectronic effects involving lone
pairs.23 The greater strength of Πn′−σ in anti (staggered) vs syn
(eclipsed) conformations is also consistent with the general
hyperconjugative picture of the origin of internal rotation
barriers24 and related anomeric phenomena.
Intermolecular π Delocalization in a Model Diels−Alder

Reaction. The NBBP index can also be used to exhibit π
delocalization effects in intermolecular interactions. As an
example, we investigate the potential barrier for a symmetric
model Diels−Alder 4 + 2 cycloaddition reaction between cis-
butadiene and ethylene (RHF/3-21G level)25

as shown in Figure 5 (with key atomic labels identified in the
figure caption). The reaction coordinate Rrc is taken as the
distance from the ethylene (dienophile) CC bond midpoint to
a point midway between terminal C atoms of the diene. Other
coordinates are optimized at each value of Rrc, subject to
preserving Cs symmetry and CCCC planarity.
Figure 5 shows the calculated energy profile (solid line, right-

hand ordinate) along Rc in the range from 1.43 Å (equilibrium
product species, cyclohexene) to 3.0 Å (weakly interacting
reactant species, ethylene + butadiene, slightly inside van der
Waals contact distance). Consistent with the known exper-
imental failure of ethylene and butadiene to undergo
appreciable Diels−Alder reaction except under activating
conditions, the calculated potential energy profile in this case
exhibits a rather high barrier (∼30 kcal/mol) along the reactant
channel.26 An apparent exponential increase27 of intermolecular
π′(ethylene)−πb(butadiene) delocalization is evident as the
reactant species approach the transition state at Rrc

⧧ = 2.09 Å.
The calculated NBBP values clearly reflect the powerful π′−π*
delocalizations between the filled ethylene π-bond and unfilled
π* antibonds of the diene (“HOMO−LUMO interactions”), in
accordance with the familiar picture of [4 + 2] cycloaddition
reactions.28 As shown in Figure 5, other intermolecular Πb;b′
elements are so weak as to be negligible in the reactant regime.

Figure 3. Pre-NBO (PNBO) overlap diagram for nonvicinal π−π′
interactions in hexatriene at φ = 120° (cf. Figure 2), showing the
characteristically weak orbital overlap that corresponds to feeble NBBP
value (Ππ;π′ = 0.0041) for nonadjacent π bonds.

Figure 4. Natural bond−bond polarizability index Πb;b′ for selected
NBOs b, b′ of 1,2-diaminoethane (RHF/6-31G*//PG) showing the
dependence on twisting about the C−N′ amino bond (φ = CCNn′
dihedral angle). The displayed curves depict hyperconjugative
interactions of amine lone pairs n (untwisted; dashed lines), n′
(twisted; solid lines) with vicinal CC or CH bonds, or with one
another (dotted line). Note that conjugative Πn′−σ interactions are
maximal at angles 0° (σCC), 60° (σCH8), or 120° (σCH9) where σ bonds
come into coplanar alignment with the amine lone pair (stronger in
anti, weaker in syn conformation).
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For comparison, we plot on the left (product) side of the
diagram the leading intramolecular Πb;b′ elements for the
product cyclohexene NBO Lewis structure, particularly the
π−σvCC interaction of the π bond with the vicinal CC σ bonds
that are destroyed in the retro-Diels−Alder reaction. It is
evident from comparison of left and right sides of this diagram
that intra- and intermolecular π-delocalization effects are of
comparable magnitude in this case, each increasing exponen-
tially in the approach to the transition state from product or
reactant directions, respectively. The example illustrates how
NBBP indices provide unified comparisons of π conjugative
effects for both intra- and intermolecular variations of nuclear
geometry, all beyond the scope of the simple Hückel
framework.
Intermolecular σ Delocalization in the Water Dimer. As a

final example, we show NBBP values for the formation of a
model hydrogen-bonded (H2O)2 complex (RHF/6-31+G*
level), as displayed in Figure 6. In this idealized model, each
monomer is assigned a fixed geometry (ROH = 0.96 Å, θHOH =
105°) with idealized linear O′···H−O H-bond geometry (as
shown in the figure inset) and with H2O′ tilt angle optimized at
each point on the RO′...H reaction coordinate. Such a frozen

monomer calculation neglects minor details of geometry
relaxation but includes all significant electronic features found
at higher levels.
Figure 6 exhibits the dramatic increase in Πn(O′);σ(OH) as the

hydrogen bond forms, reflecting the intermolecular delocaliza-
tion (charge transfer) associated with H-bond formation. This
delocalization first becomes appreciable as the reaction
coordinate approaches the van der Waals contact distance
(∼2.8 Å), then rises exponentially as the monomers approach
their equilibrium H-bonding distance (∼2.0 Å at this basis
level). By comparison, the next most important intermolecular
NBBP element (Πσ(O′H);σ(OH)) is essentially negligible.
Comparison of Figures 5 and 6 suggests the marked parallels

between π delocalization in Diels−Alder adduct formation and
σ delocalization in H-bond formation. Both reflect conjugative-
type donor−acceptor interactions in supramolecular complex
formation, although the magnitudes differ characteristically.
The rapid increase of Πn(O′);σ(OH) as the monomers penetrate
van der Waals contact distance is in accord with the general
NBO picture of the hyperconjugative origin of hydrogen
bonding.29

■ SUMMARY AND CONCLUSIONS
The examples above have been chosen to exhibit the
magnitudes and variations of ab initio NBBP values in
prototype cases, illustrating the comparisons of conjugative
(π−π) and hyperconjugative (π−σ or σ−σ) delocalization
effects in a variety of intra- and intermolecular interactions. The
results establish that the ab initio NBBP index maintains
reasonable qualitative resemblance to its elementary Hückel-
theoretic counterpart, but with considerable additional
quantitative detail to describe geometry variations and more
subtle forms of conjugation.
The NBBP index offers the attractive ability to identify

localized bond regions of the molecule that are selectively
affected by perturbing other bond regions by chemical

Figure 5. Intra- and intermolecular bond−bond polarizability indices
for model Diels−Alder reaction (RHF/3-21G level, reaction
coordinate Rrc = distance between C3−C4 and C5−C6 midpoints).
For Rrc < 2.1 Å (where the product cyclohexene NBO Lewis structure
is preferred), the figure shows intramolecular NBBP elements between
the C1−C2 π bond and the vicinal σ CC bonds (e.g., C3−C5, dashed
line; labeled π−σvCC) or CH bonds (e.g., C3H11, dotted line; labeled
π−σvCH) of cyclohexene. For Rrc > 2.1 Å (where the optimal NBO
Lewis structure corresponds to ethylene + butadiene reactant species),
the figure shows the strong intermolecular elements between ethylene
(π′) and diene (π) π bonds (dashed line; labeled π′−π), as well as the
much weaker interactions between π′ and proximal σCH bonds (e.g.,
C3−H11, dotted line; labeled π′−σCH). The corresponding energy
profile ΔE(Rrc) (solid curve; right-hand scale) is plotted for values of
the reaction coordinate from 3.00 Å (weakly interacting reactants) to
1.43 Å (equilibrium cyclohexene product), showing the transition state
maximum near Rrc

⧧ = 2.09 Å.

Figure 6. Intermolecular bond−bond polarizability values for model
water dimer (RHF/6-31+G* level; see text), showing the strong
increase of intermolecular n′−σOH conjugation (dashed line) and
weaker increase of σO ′H−σOH conjugation (dotted line) associated
with formation of the equilbrium hydrogen bond. (n′ is the O′ lone
pair aligned along the linear O′···H−O H-bond axis). The relative
dimer potential energy ΔE (solid line; right-hand ordinate) is shown
for comparison.
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substitution, geometry distortions, photochemical excitation, or
other means. It may thereby serve to identify specific localized
structural features that prove useful in engineering desired
molecular properties or reaction pathways, but are not fully
apparent in the delocalized MO wave function itself.

■ APPENDIX: RELATION TO NBO INTERACTION
ENERGIES

The bond−bond polarizability element Πrs;tu can be evaluated
in limiting cases of noninteracting or weakly interacting bonds
r−s, t−u. For convenience we consider the case of σ bonds (σrs,
σtu), but generalizations are readily obtained for NBOs of π
symmetry.
We begin by expanding the localized σrs, σtu bonds as linear

combinations of natural hybrid orbitals hr, hs

σ = +a h a hrs r r s s (A1a)

σ = +a h a htu t t u u (A1b)

with corresponding antibonds

σ* = −a h a hrs s r r s (A2a)

σ* = −a h a htu u t t u (A2b)

Let Πrs;tu
(jk) denote the term of the general bond−bond

polarizability expression eq 1 for occupied MO φj and virtual
MO φk. In the absence of interactions between σrs and σtu
bonding regions, the MOs are completely localized (say, φj =
σrs, φk = σ*tu) and Πrs;tu

(jk) is vanishing. Similarly, if the
occupied φj is a mixture of two or more bonds (say, φj = linear
combination of σrs, σtu) but the virtual φk is localized (say, φk =
σ*tu), or conversely, if φk is a mixture of antibonds but φj is
localized, then Πrs;tu = 0. Non-zero values of Πrs;tu

(jk) can
therefore occur only when a bond σrs is mixed with an antibond
σ*tu in both an occupied φj and virtual φk. Thus, Πrs;tu should be
related to the strength of σrs→σ*tu and σtu→σ*rs donor−
acceptor interactions between the r−s and t−u bonding
regions.
Let us consider the simplest type of delocalized mixing that

can lead to nonvanishing Πrs;tu
(jk). In the case of 2 × 2 mixing

(corresponding to σrs → σ*tu delocalization, in NBO language),
the MOs can be written as

φ λ σ λσ= − + *(1 )j
2 1/2

rs tu (A2b)

φ λ σ λσ= − * −(1 )k
2 1/2

tu rs (A3b)

where the mixing coefficient λ expresses the strength of
σrs−σ*tu interaction. In this case it is easy to verify that Πrs;tu

(jk)

reduces to

λ λ ε εΠ = − −a a a a8 (1 ) /( )rs;tu
(jk) 2 2

r s t u k j (A4)

In leading order of NBO perturbation theory, the mixing
coefficient λ in (A3) can be approximated as

λ = −σ σσσ* * * σσF F F/( ) (A5)

where Fσσ, Fσσ*, Fσ*σ* are Fock matrix elements for σ (= σrs) and
σ* (= σ*tu) NBOs. In terms of the usual second-order NBO
estimate ΔE(2)

σσ* of σ−σ* interaction energy

Δ = −σ σσσ* σσ* * * σσE F F F2 /( )(2) 2
(A6)

Equation A4 can therefore be rewritten finally as

Π = − Δσ σ* * σσ σσ*a a a a F F E[4 /( ) ]rs;tu
(jk)

r s t u
2 (2)

(A7)

where σ = σrs, σ* = σ*tu.
In the elementary case of homopolar bonds (ar = as = at = au

= 2−1/2), the numerator of the bracketed prefactor in A7
reduces to unity. Its value would tend to remain of order unity
for more general polar covalent bonds (as determined by
atomic electronegativity differences) . In atomic units, the
energy difference (Fσ*σ* − Fσσ) in the denominator also tends
to be of order unity. In ethylene, for example, this denominator
is 1.91 au for a CC σ bond or 0.60 au for the corresponding CC
π bond. In the absence of direct bond-breaking processes
(which affect Fσ*σ*, Fσσ strongly), the factors preceding ΔE(2)

σσ*
in eq A7 are therefore relatively constant and of order unity,
which establishes the approximate proportionality relationship
in text eq 6.
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